Clearly, this function g is discontinuous along the parabola x = y 2 , but its restriction to any line (i.e., hyperplane in R 2 ) is continuous. Notice also that this g is bounded: g(x, y) ≤ 1 for every x, y ∈ R.
Preliminaries
In the recent article [4] , the author and D. Miller investigated the problem of how to generalize the example (1) to higher dimensions, in the sense that it should be discontinuous, but have a continuous restriction to any hyperplane in R n . In particular, it was noticed there that such generalizations can be found among functions of the form g(x 1 , x 2 , . . . , x n ) = ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ is a rational function, that is, α i , β i ∈ N = {1, 2, 3, . . .} for all i. Since g from (1) is clearly of this form, we say that g∶ R n → R of the form of (2) is a Genocchi-Peano example (abbreviated GPE ), if g is discontinuous but its restriction to any hyperplane in R n is continuous. Notice that if some β i is odd, then g, in the form of (2), is not a GPE, since it is discontinuous on any hyperplane containing a non-origin point y = (y 1 , . . . , y n ) satisfying ∑ n i=1 y βi i = 0 (e.g., with y j = 1 for j ≠ i and y i = β i √ 1 − n). Therefore, in the rest of the paper we will concentrate on the cases when all β i 's are even. With this, we will need to check the continuity of g only when restricted to the hyperplanes that contain the origin, that is, expressible as ∑ n i=1 b k x k = 0. For the rest of this paper we will assume that every rational function expression
is of the form (2) , that is, takes value 0 at the origin (0, 0, . . . , 0). Also, because of symmetry, we will always assume that
The following result from [4] gives a characterization of all GPEs.
Theorem 1. Let g be given by (2) with β 1 ≤ β 2 ≤ ⋯ ≤ β n positive even numbers.
(i) g is discontinuous if, and only if, ∑
(ii) g has a continuous restriction to every hyperplane if, and only if,
In particular, g is a GPE if, and only if, ∑ Notice, that the value of ∑ n i=1 αi βi
from (3) can be calculated by replacing β k with β k−1 in the expression α1 β1
Sketch of proof of Theorem 1. The argument is based on the equation
n . To see the necessity of (3) notice that, for
and f i (t) defined as t 1 βi for i ≠ k and as t 1 β k−1 for i = k, we have the following equal-
since, for every hyperplane given by an equation
. For more details, see [4] . Theorem 1 immediately implies that, for any n ≥ 2, the following functions are bounded GPEs, compare [4] and, for the first example, also [2] :
3 The simplest GPEs of n-variables
. In particular, the degree ∑ n i=1 α i of the numerator of such g is always smaller that the degree of its denominator, β n . Thus, for a GPE g we define its degree, deg(g), as the degree of its denominator, that is, deg(g) = β n . In particular, the numbers D(n) = min{deg(g)∶ g is a GPE of n variables}, defined for n ≥ 2, represent a measure of how simple the GPEs of n variables can be. It has been noticed in [4] that 2n ≤ D(n) ≤ min{2 n , 2n 2 }, where the second inequality is justified by (4) . The main goal of this paper is to prove the following theorem, which provides a very tight estimate of the value of D(n). The examples of minimal degree GPEs can be seen in Table 2 .
In what follows, for every n ≥ 2, the symbol k n indicates the smallest term in the harmonic series after which the sum of n consecutive terms is ≤ 2:
Some of the numbers k n can be seen in Tables 1, 2 , and 3. The limiting value of k n will be established in Lemma 5. The symbols ⌊x⌋ and ⌈x⌉ denote, respectively, the floor and ceiling functions of x, that is, the largest integer ≤ x and the smallest integer ≥ x. Theorem 2. For every n = 2, 3, 4, . . . we have
and
In particular,
for some i ∈ {0, 2, 4}. Moreover, for every n ≥ 2 there is a GPE
of minimal degree such that α i = 1 for all but at most three indices i. In addition, if D(n) = 2(k n + n) + 2, then β j s can be chosen as consecutive even numbers.
The proof of Theorem 2 will be based on two propositions and one lemma, each being of independent interest. In particular, the propositions give the conditions for
to be a GPE that are much easier to check than (3) in Theorem 1.
We start with the following simple corollary to Theorem 1.
Proposition 3. Let n > 1, g be given by (2) , and numbers β 1 < β 2 < ⋯ < β n be positive and even. If
, then g is a GPE.
Proof. Indeed such g clearly satisfies (i) of Theorem 1. It also satisfies (ii) since
The next result is the key step in the proof of Theorem 2, used for finding the upper bound for D(n).
Proposition 4. Let k, n ∈ {0, 1, 2, . . .} be such that n ≥ k + 2 and for every
βn n is a GPE. Moreover, α i = 1 for all but at most three indices i.
Proof. It is enough to find α i 's, at most three of which are greater than 1, for which the assumptions of Proposition 3 are satisfied. Our first approximation of α i 's will be by putting α i = 1 for all i < n and defining α n as the largest integer for which Since, by the maximality of α n , we have the inequality
, what contradicts our assumption that n ≥ k + 2.
As the next approximation, modify α i 's by decreasing the previous value of α n by 1 and by putting α j = 2. Then, for the new α i 's, we have α n ≥ 4 and the relation
, where the strict inequality follows from the minimality of j. Since, by β n 2 < β j , we also have β n−1 2 = (β n 2) − 1 ≤ β j − 2 = β j−1 , we get
Let m ∈ {0, 1, 2, 3} be such that S 1 +m
, as required.
The next lemma concerns the possible values of numbers k n .
Lemma 5. For every n ≥ 2 we have
In particular, (5) holds. Moreover, lim n→∞ 
Using this with k = k n , we obtain ∑ n i=1
1 k+i
for all x ∈ (0, 1]. In particular, for any x = 1 k+i with k ≥ 0 and i ≥ 1, we get k+i−1 k+i
Using this with k = k n −1 for which k n > 0, we obtain ∑ n i=1
1 k+i > 2 and
> e 2 and k n < n e 2 −1 + 1. Since this last inequality is also true for k n = 0, we conclude that n e 2 −1 − 1 < k n < n e 2 −1 + 1, the desired property (7), holds for every n ≥ 2. Moreover, 1− Proof of Theorem 2. Clearly (5) follows from Lemma 5. Next, we will prove (6), which follows from the inequality 2(
First, we will justify that D(n) ≥ 2(k n + n). To see this, let g be a GPE given by (2) of minimal degree, that is, with D(n) = deg(g) = β n = 2m for some natural number m. Then, by Theorem 1, the numbers β 1 < ⋯ < β n are even and ∑
Hence, by the minimality of k n , we have k n ≤ m − n. Therefore, we also have D(n) = 2m ≥ 2(k n + n), as needed.
Next, we will justify the inequality D(n) ≤ 2(k n + n) + 2. First, we will show this assuming that the number n does not belong the following set of exceptions: E = {2, 3, 4, 5, 6, 7, 10, 11}.
So, assume that n ∉ E and put k = k n + 1. We will show that such numbers satisfy the assumptions of Proposition 4. This will give the desired inequality, since then D(n) ≤ 2(n + k) = 2(n + k n ) + 2, as needed.
To see that the inequality n ≥ k+2, needed for Proposition 4, holds for n ∉ E notice that for k = k n +1 it becomes n ≥ k n +3, that is, n−k n ≥ 3. But this holds for any n ≥ 8, since, by the inequalities k n < 1 e 2 −1 n + 1, proved in Lemma 5, and
. By this and the equality 1 kn+1
since then, for n ∉ E, we have ∑
To Table 1 : The values of k n for 8 ≤ n ≤ 21, checked by simple arithmetic. Note that k n = ⌊ n e 2 −1 ⌋ only in some cases.
To finish the proof of (6) it is enough show that D(n) ≤ 2(k n + n) + 2 holds for every n ∈ E = {2, 3, 4, 5, 6, 7, 10, 11}. But this is justified by the entries in Table 2 .
To prove the additional part of the theorem on D(n), notice that, by Lemma 5, k n ∈ 1 e 2 −1 n − 1,
where the last inclusion follows from the fact that 2.31 < For n ∈ E, a GPE of a correct format exists, as shown in Table 2 . We just need to note that each of these examples is of minimal degree. Indeed, this is clearly the case when n ≠ 3, since for such values deg(g) = 2(k n + n) is, by (6), as small as it can be. For n = 3 this argument does not work. However, n k n a GPE g of n variables deg(g) 2(k n + n) + 2 2 0 Table 2 : The examples of GPEs of n-variables, for n ∈ E, with the degrees ≤ 2(k n +n)+2. Each of these functions is GPE since it satisfies the assumptions of Proposition 3, as an easy calculation shows. The given values of the number k n can be easily checked.
it is an easy exercise to check that actually D(3) = 8 = deg(g). (See e.g., [4] .) Thus, for the rest of the argument, we will assume that n ∉ E.
In such case, as we shown above, the numbers n and k = k n + 1 satisfy the assumptions of Proposition 4. In particular, if D(n) = 2(k n + n) + 2, then GPE from Proposition 4 is of minimal degree and of the right format. So, assume that D(n) < 2(k n + n) + 2. In this case, D(n) = 2(k n + n) and we are only concern about the format of α i s. Let k = k n . If ∑ , that is, m < 4, as needed. n k n 2(k n + n) D(n) D b (n) n k n 2(k n + n) D(n) ; for even n by 
